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A method of high-accuracy polarimetry, which includes optical activity measurements’ systematic errors, was
realized with a dual-wavelength polarimeter for the two wavelengths of 635 and 650 nm. Simultaneous measure-
ments with neighboring wavelengths significantly improved the data processing by increasing the amount of
obtained data to eliminate the systematic errors. For a langasite crystal, La3Ga5SiO14, we measured the temper-
ature dependence of the gyration tensor component g11. Our acquired value does not exceed 0.47 × 10−5 and is
much smaller than the previous results obtained by different experimental methods. The results presented in this
paper are consistent with the calculated optical rotatory power from the crystal structure data and the polar-
izabilities of the atoms. © 2017 Optical Society of America
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1. INTRODUCTION

High-accuracy universal polarimeters (HAUP) [1], which have
undergone several modifications and improvements over time
[2–6], can be effectively applied to obtain information about
the main optical anisotropic parameters of crystals, such as linear
birefringence, circular birefringence (also known as optical rota-
tion or optical activity), and linear and circular dichroism.
Recently, Mueller matrix polarimetry was successfully applied
to the simultaneous measurement of the main optical anisotropic
crystal parameters [7–9]. The first experimental data with this
method for quartz and achiral AgGaS2 crystals show good results.

Polarimeters allow measuring the optical activity (OA) for
light propagation directions distinct from the optical axes, but
the results can significantly differ between themselves. The
main cause of such discrepancies is systematic errors.
Quantitively, one can take them into account by considering
the parasitic ellipticities of the polarizer and analyzer: p and
q, respectively. These ellipticities (normally of the 10−4 order)
are usually comparable with eigenwave ellipticities k in crystals,
or, sometimes, they can be even bigger than k. The ellipticities
are measured as the ratio of the minor to the major axes of the
ellipse, which defines a polarization state with two waves
[10,11]. Therefore, measurement errors are significant.

Experiments [1–5] have shown that systematic errors should
be estimated for each experimental process because they depend
also on the specimen quality, system alignment, and the precise
profile of the laser beam passing through the specimen.
Measurements with different crystals keeping all the initial
parameters constant lead to varying systematic errors.

An extended laser polarimeter, with a similar design to
HAUP but with the implementation of two wavelengths
and different principles for data gathering and processing,
was designed and applied to investigate the OA of a langasite
crystal, La3Ga5SiO14 (point group 32). The optical properties
of these crystals are well studied [12], but the precise value of
the OA was acquired along the optical axis only, which corre-
sponds to the gyration tensor component g33. The full detec-
tion of OA in uniaxial crystals of this point group requires
measurements in the direction perpendicular to the optical axis
and calculation of the g11 gyration component. There are other
uniaxial point groups (4 and 42m) of nonenantiomorphous
(achiral) uniaxial crystals, which have null OA along the optical
axis [10]. For example, the well-known KDP group and
AgGaS2 are such types of crystals.

OA is a vital parameter of crystal optical anisotropy and is
heavily related to the structural peculiarities of the crystal.
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Therefore, we believe that it is important to find the experi-
mental value of OA by means of a dual-wavelength polarimeter
and compare it with the results based on the classical polariza-
tion model [13].

2. PRINCIPLES OF EXPERIMENT

The polarimetric scheme used for studying the OA in birefrin-
gent sections is a polarizer-sample-analyzer (PSA), in which the
polarizer azimuth θ and analyzer azimuth χ are measured from
the principal crystal axes and are small �θ; χ ≪ 1�. Both the
polarizer and the analyzer are Glan-type calcite prisms. The
measuring procedure is fully automated, with independent
rotations of both the polarizer and analyzer, controlled by
the stepper motors. In order to measure small intensity changes,
the so-called delta-sigma analog-to-digital converter with high
resolution is used.

During the experiment, the intensity I transmitted through
the PSA system’s light is measured as a function of angles
I�θ; χ�. Intensity readings are typically collected for 15–20 val-
ues of polarizer azimuths, θ, and for the same amount of ana-
lyzer azimuths, χ, close to the position of minimum intensity.
These data I�χ� are then fitted to a biquadratic function using
the method of linear least squares, which allows one to find the
analyzer azimuth χmin that corresponds to the minimum trans-
mission of the polarization system, i.e., �∂I∕∂χ�θ � 0. For a
PSA system, the corresponding relation for χPSAmin �θ� may be ex-
pressed as [6,14]

χPSAmin � θ cos Γ� �k − p� sin Γ − δχ; (1)

where Γ � 2πΔnd∕λ is the phase difference, d is the thickness
of the specimen, Δn is the linear birefringence, and λ is a wave-
length of monochromatic light. One should also define the an-
gular systematic error δχ. It is considered that the most likely δχ
error is associated with the mechanical elements of the polar-
imeter [4,5].

In a �θ; χ� coordinate system, the intensity minima azimuths
χPAmin�θ� in the absence of a sample (PA system) form a straight
line χPAmin � θ with a slope angle of 45° (Fig. 1).

In the PSA system, the intensity minima also form a straight
line χPSAmin �θ�; however, according to Eq. (1), the tangent of its
slope angle is equal to cos Γ. Thus, the optimum scanning area
of the analyzer (when χPSAmin is in the middle) depends on the
phase difference Γ. Figure 1 shows the surface I�θ; χ� cross sec-
tions with planes of constant intensities, I�θ; χ� � const,
which form the so-called HAUP maps in the shape of ellipses
[2,15]. The major axes of these ellipses are always tilted by 45°
(see maps 1–5 in Fig. 1), but χPSAmin �θ� tilt angle changes (dashed
lines in maps 1–5).

In Fig. 1, the positions of three characteristic polarizer azi-
muths θ0 (the invariant azimuth, for which χPSAmin �θ0� �
χPAmin�θ0�, θ1 (corresponds to the global minimum), and θ2
(corresponds to the minimum light intensity with the crossed
polarizers) of the incident light in the PSA system are shown,
and the principles of their definition are schematically repre-
sented. The relations for these azimuths can be expressed as
[6,14]

θ0 � �k − p� cot�Γ∕2� − δχ∕�1 − cos Γ�; (2)

θ1 � �k − p� cot Γ − �k � q�∕ sin Γ; (3)

θ2 � −�1∕2��p� q� cot�Γ∕2� − δχ∕2: (4)

Equation (4) is also used in the HAUP method [1–5].
Due to the unknown initial angles between the crystallo-

physical axes and the azimuth of the polarizer, exact measure-
ments of angles θ0, θ1, and θ2 are not possible. Therefore, we
analyze experimentally only their differences:Δθ01 � θ0 − θ1,
Δθ02 � θ0 − θ2, and Δθ12 � θ1 − θ2. The relations between
θ0 and θ1 can be derived from Eqs. (2)–(4):

Δθ01 sin Γ � 2k − p� q − δχ cot�Γ∕2�: (5)

It is easy to notice that

Δθ01�1� cos Γ� � 2Δθ02; Δθ01�1 − cos Γ� � −2Δθ12;
(6)

so determining cos Γ and two of the characteristic azimuths θ0,
θ1, and θ2, or one of the differences Δθ01, Δθ02, and Δθ12, is
sufficient to get complete data. However, permanent verifica-
tion of Eq. (6) during the experiment gives us an additional
evaluation criterion for the correct measurement procedures.
We should remember that the precision of acquired θ0, θ1,
and θ2 greatly depends on the phase difference Γ.

By using two sources of light with almost coinciding wave-
lengths λ1 and λ2, we can neglect, in a good approximation, the
effects of k value dispersion and assume values p, q, and δχ to be
constant. In this dual-wavelength polarimeter, systematic errors
can be differently eliminated. In particular, we can have a set of
data for characteristic azimuths that were measured in identical
conditions but with alternating laser wavelengths. From this
point of view, the differencesΔθ01,Δθ02, andΔθ12 for separate
λ1 and λ2 but also the differences Δθiλ � θi�λ1� − θi�λ2�,
(i � 0; 1; 2) can be successfully analyzed. To increase the
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Fig. 1. Characteristic azimuths θ0, θ1, and θ2 for optically active
birefringent crystal in �θ; χ� coordinate system. Scanning area of polar-
izer and analyzer in PSA system is shown as a gray parallelogram. Also,
the HAUP map schematic images for different phase differences are
presented: 1−Γ� 2πm, 2 − Γ � π∕4� 2πm, 3 − Γ � π∕2� 2πm,
4−Γ� 3π∕4�2πm, and 5 − Γ � �2m� 1�π; m is a natural number.
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number of measured quantities, we use two orientations of the
crystal in the polarization system. It can be achieved by the
rotation of the sample 90° around the incident light; then,
the signs of Γ and k parameters are reversed [1–3]. The per-
pendicularity of the sample surface to the incident beam was
ensured by adjusting the crystal position so that the beam re-
flects back to the laser.

Using Eqs. (2)–(4) for the characteristic azimuths, the
differences Δθ0λ, Δθ1λ, and Δθ2λ can be expressed as

Δθ0λ � A1�k − p� − B1δχ; (7)

Δθ1λ � A2�k − p� − B2�k � q�; (8)

Δθ2λ � −A1�p� q�∕2: (9)

Here, we introduced the following notations: A1 �
cot�Γ1∕2� − cot�Γ2∕2�, B1 � �1 − cos Γ1�−1 − �1 − cos Γ2�−1,
A2 � cot Γ1 − cot Γ2, B2 � 1∕ sin Γ1 −1∕ sin Γ2, Γ1 � Γ�λ1�,
and Γ2 � Γ�λ2�. As a result, the number of equations that
can be used to calculate the eigenwave ellipticity k and elimi-
nate the systematic errors is higher when compared to the pre-
viously used high-accuracy polarimetric methods.

3. RESULTS AND DISCUSSION

A. Characteristic Azimuth Differences and
Systematic Errors

The experiment was performed on (010)-plates of
La3Ga5SiO15 crystal of 2.51 mm thickness in a temperature
range from 290 to 370 K. In a dual-wavelength laser polarim-
eter, we used two semiconductor lasers with neighboring wave-
lengths of λ1 � 635 and λ2 � 650 nm. We consider that in
Eqs. (1)–(9), none of the quantities except Γ (Fig. 2) depend
on the small wavelength change δλ � λ2 − λ1 � 15 nm.

Because the ellipticity k of the eigenwaves does not depend
on the specimen thickness, we chose it to be about 2.5 mm.
With such thickness, we achieved the optimal change of the
phase difference ΔΓ � 0.65 in a convenient temperature range
of 290–370 K. The temperature of the sample was stabilized

with a precision of �0.5 K, which is enough, considering the
slow change of the birefringence Δn with the temperature for
langasite crystals.

The experimental temperature dependencies of the charac-
teristic azimuth differences Δθ0λ, Δθ1λ, and Δθ2λ for the lan-
gasite crystal are shown in Fig. 3. As one can see, the differences
of the characteristic azimuths become too big compared to the
typical value of k ≈ 10−4. With the considerable change of
characteristic azimuths, it is difficult to find the systematic er-
rors p, q, and δχ.

We also did not observe contributions from multiple light
reflections inside the crystal during our experiments, as, for ex-
ample, did the authors of [16] during their experiments. If this
effect were to take place, then Eq. (6) would not execute cor-
rectly, and the slope angles of the major axes of the ellipses on
the HAUP maps (Fig. 1) would not be equal to 45°. This fact
underlines once again the importance of experimental evalua-
tions of the relations between azimuth differences Δθ01, Δθ02,
and Δθ12.

Consecutive analyses of the characteristic azimuths for two
wavelengths in stable experimental conditions allow us to find
the desired quantities. Figure 4 shows that angles’ difference
Δθ2λ does not depend on the crystal orientation. The sign
change of the phase differences Γ1;Γ2, and Δθ2λ has also been
taken into account because the sum of the parasitic ellipticities
of the polarizer and analyzer p� q should remain unchanged.
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Fig. 2. Temperature dependencies of cos Γ1 for λ1 � 635 nm (◦)
and cos Γ2 for λ2 � 650 nm (•) acquired from the tangent angle of
linear dependences of χPSAmin �θ� on (010)-plates of La3Ga5SiO15.
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Fig. 3. Dependencies of characteristic azimuths differences Δθ0λ
(◦, •), Δθ1λ (▫, ▪), and Δθ2λ (⋄, ⬪) for LGS crystal on the temperature
change for alternative crystal orientations as obtained before (a)
and after (b) the 90° rotation of the specimen around the light beam
direction.

Research Article Vol. 34, No. 6 / June 2017 / Journal of the Optical Society of America A 945



For alternative crystal orientations before (0°) and after the 90°
rotation of the specimen around the light beam direction, we
could find [using Eq. (9)] that for the 0° crystal setup, p� q �
�7.74� 0.28� × 10−4 (in radians), and for the 90° crystal setup,
p� q � �11.0� 0.2� × 10−4. The difference between these
two values is insignificant, and the x- and y-intercepts of the
fitted lines are very close to their origin, as follows from Eq. (9).

For further calculations, we used the characteristic azimuth
differences Δθ1λ. By adjusting the temperature of the crystal,
we acquired two experimental dependencies [Eq. (8)] for
alternative crystal orientations (0° and 90°). Keeping in mind
that after the rotation, the eigenwave ellipticity k should change
its sign, the sum of the respective characteristic azimuths
differences becomes the following:

Δθ�1 � Δθ01λ � Δθ901λ � −2pA2 − 2qB2: (10)

Afterward, by plotting the temperature dependencies
Δθ01λ∕A2 and Δθ901λ∕A2 (Fig. 5), we calculated the sum of these
values Δθ�1 ∕A2 � −2p − 2qB2∕A2 as a result of the addition of
second-degree polynomial fitted curves. Figure 5 also represents
the temperature dependence of the B2∕A2 ratio values. This
value does not change its sign after the rotation of the crystal,
and we get well-matching experimental data for the two crystal
setups. This confirms that the 90° rotation procedure of the
specimen around the light beam direction was very accurate.

For the data analysis, it is important that at 346 K, the ratio
B2∕A2 � 0, and we get just the parasitic ellipticity of the polar-
izer p � �1.32� 0.15� × 10−4, which, of course, does not
depend on the temperature. The values of p and p� q are aver-
aged for the two wavelengths of 635 and 650 nm. So, we get
two systematic errors, which are present in Eq. (8). However,

the parasitic ellipticity q of the polarizer has two values for dif-
ferent orientations of the crystal q0 � �6.42� 0.28� × 10−4
and q90 � �9.68� 0.20� × 10−4. The difference in values
can be explained by the different conditions of the light passing
through the PSA system for the two crystal positions. In further
calculations, we use the mean value q � �q0 � q90�∕2 �
�8.05� 0.28� × 10−4.

Using Eq. (7), we can find Δθ�0 � Δθ00λ � Δθ900λ �
−2pA1 − 2δχB1 and the angular error mean value δχ �
−�1.32� 0.40� × 10−4. Let us note that in dual-wavelength
polarimeters, the determination of the systematic error δχ value
is insignificant, while in standard HAUP methods, where this
angular error is usually noted as δY , its calculation is important
for correct data processing [2–5,14].

B. Optical Activity of LGS Crystal

Langasite family crystals belong to trigonal point group sym-
metry 32, space group P321; they are uniaxial and optically
active. Along the optical axis, the g33 component of the gyra-
tion tensor is determined by the measurement of the specific
rotation ρ.

During the studies of the OA in a plate cut parallel to the
optical axis, the gyration tensor component g11 is measured.
For uniaxial crystals, the relation between g11 and the eigen-
wave ellipticity k is g11 � 2kΔnn [10], where n is the mean
refractive index. For the mean wavelength of λ � 642.5 nm,
n � 1.905 [17], and with the channeled spectrum method
[18], we acquired birefringence Δn � 0.0116. We also con-
sider that the influence of the eigenwave ellipticity k dispersion
is insignificant. For characteristic azimuth differences, accord-
ing to Eq. (8), we get

Δθ−1 � Δθ01λ − Δθ
90
1λ � 2k�1 − B2∕A2�: (11)

This allows us to find k � �1.3� 0.4� × 10−4 for the tem-
perature of 346 K. As one can see, the eigenwave ellipticity is
significantly smaller then the parasitic ellipticities p and q;
therefore, the calculation error of k is substantial and depends
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Fig. 4. Dependencies of characteristic azimuths Δθ2λ on
cot�Γ1∕2� − cot�Γ2∕2� in LGS crystal for alternative crystal orienta-
tions as obtained before (◦) and after (•) 90° rotation of the specimen
around the light beam direction. The solid lines represent the best
linear fit.
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Fig. 5. Two plots of the parameters Δθ01λ∕A2, Δθ901λ∕A2 and their
sum Δθ�1 ∕A2 (short dashed line) versus the temperature T of the LGS
crystal corresponding to the alternative crystal orientations before (◦)
and after (•) the 90° rotation of the specimen. The points (▫, ▪) for two
crystal setups represent the temperature dependence of the B2∕A2 val-
ues, which change signs at 346 K. The solid lines represent the best
second-degree polynomial fits.
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mostly on the experimental precision of the characteristic
azimuths and phase differences Γ for both wavelengths, which
influence A2 and B2.

Nevertheless, taking into account the systematic errors
grants the chance for consecutive calculations of OA
perpendicular to the optical axis of the crystal. The temperature
dependencies of the g11 components of the gyration tensor de-
rived from the two measurements of the eigenwave ellipticity k
are shown in Fig. 6. The presented results of calculations take
into account Eq. (8), values p and q, and also the temperature-
dependent mean refractive index and birefringence.

From the linear fitting of our data for the temperature of
295 K, we get the value g11 � �0.47� 0.17� × 10−5, which
is much smaller than that given in [17,19]. These values of
OA were determined by the spectral measurement of the am-
plitude of oscillations of the rotation angle χ of the major axis of
the ellipse of the passing light polarization. Such a method as-
sumes that the polarizer is perfect (parasitic ellipticity p � 0), is
stationary during the experiment, and that its input azimuth
should be θ � 0. Then, according to Eq. (1), χ � k sin Γ
and χ � �k for wavelengths for which sin Γ � �1. In [17],
the gyration tensor component g11 ≈ 4.0 × 10−5, so the corre-
sponding ellipticity k � 9.1 × 10−4 for λ � 633 nm. If this
much larger ellipticity was real, it would have prominently
emerged on the dependences shown in Figs. 3 and 5.

Previous data [6] should also be treated critically, because
the use of a reference crystal for measuring the parasitic ellip-
ticity p often gives incorrect results. Our current method does
not use the reference crystal, because earlier it was established
that a measurement with different samples gives different values
of parasitic errors [4,5]. Therefore, we used only the rotation of
the sample during the experiment, and it allowed us to include
the systematic errors more accurately. The earlier results ob-
tained for the LGS crystal did not consider such errors and,
in our opinion, this fact had a negative impact on the results
acquired in [6].

Using formally the relation ρ⊥ � πg11∕�λne� for the specific
rotation [10] perpendicular to the optic axis, we get ρ⊥ �
0.73 deg ∕mm compared to ρ � −3.3 deg ∕mm in the direc-
tion of the optical axis [17].

The structure of a langasite crystal does not contain screw
axes. Its OA is connected with helical formations of the electron

density, imitating the screw axis [20]. Therefore, in the direc-
tion of the optical axis, specific rotations in the LGS are almost
6 times smaller than those in α quartz SiO2.

We would like to compare our results of polarimetric exper-
imental data with the calculated ones (the calculation method
described in [13]). Using the same values of polarizability vol-
umes [21] (αLa�1;886Å3, αGa�0;375Å3, αSi � 0; 050 Å3,
and αO � 1; 740 Å3), we obtained ρ⊥ � 1.1 deg ∕mm.
Unfortunately, this result is inaccurate, because ρ and ρ⊥
should be opposite in sign (according to the gyrotropic proper-
ties of crystals with point group symmetry 32). Langasite crys-
tals have the smallest OA among the langasite family [22]. With
such crystal properties, it is hard to expect the theoretical cal-
culations within the classical OA model to be accurate. Small
changes of the polarizability volumes influence the results sig-
nificantly. One can only estimate the OA value, which we have
accomplished. Nevertheless, we have attempted to verify theo-
retically whether our experimental results are correct.

In contrast, these calculating techniques were applied with
success to pure Ca3Ga2Ge4O14 crystals (langasite family) [23].
As a result, values of electronic polarizability volumes should be
specified for studied LGS crystals. It is interesting to note that
some crystals with a langasite structure show unusually large
values of the specific rotation when compared to LGS [24].

Finally, it should be noted that almost all langasite family
crystals are disordered; therefore, precise structure data and cor-
rect values of electronic polarizability volumes are necessary for
consequent calculations.

4. CONCLUSIONS

We used the extended HAUP polarimetric method by using
two neighboring laser wavelengths and applied a new method
for the elimination of systematic errors in the measurement of
OA in directions perpendicular to the optical axis of a crystal.
The acquired value of the eigenwave ellipticity k is significantly
smaller than the systematic errors, which are caused by the po-
larizer’s imperfections. Nevertheless, we were able to find sys-
tematic errors and calculate the temperature dependence of the
g11 component of the gyration tensor. The dual-wavelength
HAUP polarimetric method avoids the influence of angular
errors, which play a major perturbation role in the standard
HAUP method. The OA of langasite crystals perpendicular
to the optical axis turned out to be significantly lower than
the OA along the z-axis.
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